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Symbols. Cosmic fluids are as a rule highly turbulent.

This entalls the necessity of dimensional order-of-magnitude

considerations preceding and often even rerlacin or s
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o2}
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rigorous dynamical theory. We shall hcre use ilie symbol {a} to
designate the order of magnitude of a physical auantity a. Tn
particular, {lj will designate a remresentative length and {u)}
will desigrate a representa’ lve reciorocal time. We shall use
the rationalized mks, aystem of units, whence uée = 0'2 with the

usual meaning of these, and other, elsctromsgnetic symbols. For

3imnliclity it will be assumed that the electrical conductivity, &,

(oY

is constant throughout the fluidy ¢ and p will be assume

stant throughout space. In vector equations all vectors will be
designated bv Roman capital letters and scalars by greek or lower

case roman letters.

Fixed frame of roference. In large-scale electro-

dynamli~z the clectromagnetic effects srising from the difference
in mass of the positive and negative carriers might not alwavs

be negllgiblé. We shall here ignore this type of effect and

assume that all the effects considered can he described classicsally,

namelv, by a combination of Maxwell's equations with the hydro-
ions. Hence V will designate throughout the material
velocity of the fluid in a given frame of reference. A° a generzal
rule this velocity 1is small compared to the velocity of light,
that 1s

{B} << 1 (1)

If a conductor moves acrcss a magnetic field, there

appears an induced electric fielc¢ of magnituds V x B. From the

v e e e, Yo e @O e te = -




eiectromagnetic field equations we tnen have
M'IV xB:J:éE *E +¢V x B+ 1V (2)

The terms on the right represent in turn, the displacement current,

the conduction current, the induction current, and the convection

current. The convection current annears owing to the fact that

(as we shall see later) E cannot in general be assumed divergence-

free und hence there is a snace-charge density, m, in the fluld.
The ratio of displacement current to conduction current

i1s of the order

{we/ ] =(¢) (3)

This non-dimensional quantity 1s well known from the electro-

.

magnetic theory of metals. To estimate it here we remember that
w now represents frequencies of the macroscopie motion of the
fluid. Let us take w = 1072 corresponding roughly to periods cf

& day. Cosmis fluids are as a rule excellent econductors, of

’
metallic order. For the earth's core the zconductivity has been

estimated to be a factor of 10-1UU below that of ironl). The

material of stars is highlw ionized and the conductivities are

.
]
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again of metallic order2 « Clouds of ionized gases near stars or
in interstellar snaée show as s rule agvvreciable jonizationj they
are then again comparable to metallic conduztors. (This results

from the fact that while the number density of ions becomes small,
the mean free nath becores large in the sume orovortion). Taking

7. i < s
as an example 0 = 10 , the conductivity of ~rdinary iron, we
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whisrh i3 smal) indeed

haved/= ndeed,
From the field scuations we have {n} = [E lhlE} , hence

the ratio or the convection currsiit to conduction current is

B e
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(e} = (ext) = (2] (4

ana the convection éurvent is also negliglble; (2) reduces to
Vx B=p =uocE + uoVxB (5)

We next compare ithe inducilon current to ©

The ratic is

{po-VB}/{z'lB} = {uoav} = {R} (6)

where Rm is a non-dimensional quantitv which wlll bte designated

as the magnetic Reynolds number. To elucidate the physical meaning,
or one physical meaning, of this guantity we notice that if a
current flows in a rigid conductor of linear dimensions X and
conductivity ¢ the period of free decay, in the absence of an

impressed e.m.f., 1s of the order

{wéi‘c} = {pa‘?\z} (7)

Agein, the periods of the material motion of the flulid are of

1. - "lz 7
the order {‘*%el} = i VA . Hence
= w
{le) { vel / dec} (8)
This relation indicates that Rm is a measure of the coupling

hetween the mechanical motion and the electromagnetic fields As
we shall see, the presence of the term V x B in (5) implies that,
in the absence of free decay, the fluid carries the magnetic fileld
along in its mction., The decay phenomena may be visualized as a
"Jdiffusion" of the fileld across the conductor. Strong coupnling,
including the Important case of amplification of the field,
requires that the transport of the field by the motion exceads the

rate of diffusion. The distinetive vroperty of coazmic

. it e o e,
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magnetohydrodynamics becomes svident) in the laboratory R is
always small; in problems of cosmic hydrodynamics Rm is as & rule
very large., The relation of iaboratory phenomena to cosmic
phenomena cf magnetohydrodynamfes is, in a roﬁgh analog, that of
Poisssuille flow to the large scale eddy motions in a star or
cosriic cloud. Here, we shall essentially confine ourselves to
the cosmlc case, that is to large numerical values of the
magnetic Roynolds number, and shall not enter into a discussion

3) .on the interaction of sound waves

of the laboratory experiments
with a magnetic fleld. In order to estimate R for the earth's
core we take, say o = 106, V =107 m/sec from observations of
the secular magnetic variationsl), and A = 106 meters, glving
Rm = 103. For extra-terrestrial phenomena A and V are larger by
many powers of ten and Rm is corresnondingly larger.

Returning now to (5) we see that the net current is

negligibly small in large-scale flulds} we have a belance

EAZ .V x B (9)

|-lo

in an excellent approximation. It must not, howevsr, be concluded

rom {5} that [~ x B 1is negligible in other conrectionsy we shall

"'b

see for instance that the ponderomative forces exsrted by the field,

- L ] '_
which depend on [/ x B, are bv no means small.
A further dimensionless gunantitv of interest 1s the

ratio cf the electric to the magnetic energy density. This is
{aEz/u-le} _ {Ec/cz 2} { 62} a0
as may be geen from the Tisld sauation

I7 x B = -3B/2% (11)

or else directly from (9).

g
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Taking the curl of [5) we cbhitain by virtue of (11)
88/3t = [/ x (vxB) +v_[7 % (12)
where the quantity
v = (st (13)
m

will be designated as the magnetic viscosity. We have Rm = kV/Vm
which shows that the magnstic Reynolds number 1s obtained from
the ordinary hydrodynamic Reynolds number by replacing v, the
kinematic viscoslity, by the magnetic viscosity, Ve It will
appear more clearly later that v and Vi correspond to analogous
physical effects.

The integration of (12) is as & rule prohibitively
difficult. The physical meaning is brought out more clearly by

a)
a corresponding integrali theorem™’,

d _ 1 1.
dthnds = J(J dL (14)

SN e W ol o Xl LS S e & B

where the surface integral on the left is thought of as moving
vodily with the fluid. The cantour 1lntegral on the right becomes
small as Rm becomes larges in the 1limit of Infinite conductivity i
we obtain the well known result that the magnetlc lines of force

are "frozen" in the fluid and are carried along with 1its motion.

sk RIS Al

From (9) we may infer that the electrical soaces charge

does not 1in general vanishS)

, s8ince

n/£=7-E=v-[7xB-B-l7xv (15)

The ratio of the electric to thes magnetlc components

i il MG Pa i v i MR e PN ik b bk aa

of the electromagnetic stress tensor 1s, howevsr, given by (10)

e

and the electrostatic forces are negligiblie. urthiermore it may

ey i

be shown that tne irrotational part of the current (5) is small
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compared to the divergence-free part so that the magnetic effects
corresponding t¢ a non-vanishing m are alsoc likelv to bte in
general negliglible., We have from the equation of continuity fbr
the current, on using (15)

K T = - o
Ves= = {coeEM Y = {we.VB/x}-—{.w A:.B}_
and on the other hsand

/x 3 = p.'leVx B = (B/ulg}
Hence 1t follows that

{

Ves/Vx1} = (wzxzue} = {vZue ] = {p?} (16)
which is smalil. Hcnce we conclude that for large magnetic
Reynolds numbers we may, without loss of essential pbysicsl
features, assume 7 as negligible. This can most convenlently be

expresscd by introducing a vector potential while dropning the

corresvonding scalar potential, thus
B=)/ xa, E=-08a/3t, [/*A=0 (17)
which transforms (5) into
; - \ 24
an/at =V x (Vxa) +v_[/% (18)

an eguaticn that is somewhat simpler than (12).

Lorentz Transformation. In view of (1) we may nsglect

all terms of the order of 32 and hirsher terms. Texts on rela-
t1v1ty6) indicate trhat & must be ccnsidered as an iInvariantg
this followg from its connection with thermodynamical quantities
which are invariant. To within terms linear in B8 the Lorentz
transformetion from an unprimed system tco a nrimed syst:im moving

with velocity U reduces to

T s i ey
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Rt =R -Ut, t!' = ¢

7' =7, 3/at = 3fat + U/

Furthermore, in this aponroximation

Jt = J+qU, N =7

W
<3
7

vut the convection current may be neglected if U

fleld vectors transform in the same approximaticn as
E' =E + Ux B, B' =B U x E/¢°

but the last term in the equation for B' is by (9) of the order
62 and hence negiigibic. The transformation equations for the
electromagnetic quantities- thus reduce to

Et = E+ Ux B
(20)

We have been brief in this deduction, but 1t should be emvhasized
that, as closer consideration shows, all terms linear in P have
indeed been included.

We see from (5) that if we transform to a frame of
reference in wnich a given flvid particle is at rest, then the
Maecal™ electric field becomes small comvared to the averagc
value of E over the fluid, for which (9) gives {;E} = {_VB}.

This latter relation, by the way, permits a convenlent observatinnzl
evaluation of the field, since V and B are quite directly measur-
able, B being also lorentz-invariant to within terms of the orde~
of B, The actual current referred to a "local" system of
reference 138 therefore small, as R;l , comnared to the

current in, say an engineering dvnamo. In such & machine the

current is {U—E} = {g“VB}. Considerable semantic dlfficulti: -
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are bound to arise when one speaks uncriticaily of the "electric

currents” producing the magnetic fields of the earth, of sunspots,

el e

etc. It has been suggested in the 11terature7) that since at

TR e o |

"neutral® points (points where B vanishes in the "local® frame of
reference} charged particles do not travel in snirals as they do
elsewhere, phenomena of the type observed in Fas discharges might

occur which would lead to the acceieration of particles. The

smalliness of the "looal" electrisc field makes this conclusion

unlikely. |

Mechanical motion; Symmets,ization. The density of the

1e Tieid eXerts umon the fiuid is
_ - _ =1 E7
F=JxB=--u Bx (/x B)

(BB < o L7 (BR)

(21)

Here, the electrostatic forces produced by thie space charges
have been negle cted since thev are smail by (10). The work done
on the fluid by these :orces per unit time and unit volums is

VeFy it may be shown4)

by obtaining the energy integral from
(5) and (11) that this is indeed tihie negative of the work done

by the fluid on the field.

1]

2f ~otd

In writing down the eguaticn on we shall for

simplicity assume that the fluid iz incompressible. The

egquacions of motion are
V/at + (Ve[/)V = -FZy ~{ugl= B-[—\p + v5723 (22)
where

"
Sy =p+u+ i2p}"‘B2

and u 1s the gravitaticnal notential. The equaticns (12) and

}umm—mwmmmmmw—m*n' TR L, eaRET e T
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(22) together are the fundamental equations of field-rotion of
magnetohvdrodynamics. They can be put into a remarkatbly symmet-

rical form®’®), Letting

P=V+ (§u) e, Q=Vv-@uis

=y + vy Vo =V =V
Vi m r 72 m

and remembering that for an incompressible fluid
Vx (v x B) = (B )V -(v-)B
we can rewrite (12) and (19) as
ap/at + (V)P = - oy +F7Z(v.P + vQ)

_ (23)
3g/at + (Pf/)a = - [fp +V=(v P + v Q)

where now
=pfk +ufs + (P-Q)°/8 (24)
It should be noted that the symmetrized equations
hold only for san incompressible fluildj no corresponding symmetrical
formallism has as yet been founéd for the compressible case. The
eguations suggest strongly that 1f magnetohydrodynamics 1ec con-

sidered from a statlstical view point, as seems appropriate for

21
turbulent fluids, the vectors V and {u§) ~B should riay comparable
roles. Inergyv transfer is possible both from and to the fluid.

Many authors uave thersiors inforred that eguipartition of the

energy as between the kinetlc energy of the fluld ard the magnetic

fleld energvy might be sssumed to hold in a first approximation:
O )
{x } = {Bz/p.} (25)

Batchelorg) has, however, pointed out that 1f the statistical

thcory of turbulence 1s apnplied to magnetohydrodynamics, the

”:z‘_-_—_“d% f ‘Vﬂ\-‘
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magnetic field energy should be less than the equipartition valus
(25} at least for the largest eddies. The author hopes to show
elsewhere that under certain conditions the field energy can also
exceed the value given by (25). For rough estimates, however,

(25) should be useful, An equivalent statement is clearly that

in (22)
velZ)v = (w)”l (BB (26)

the ponderomotive forces are Iin the mean comparable to the

10) have pointed out that

inertial forces. Schliiter and Biermann
if the "frictional™ term in (12) is neglected this equation is

of the type

{e8/at} = {a~1v} {B}

and that the solutlions of this equation are of the general form

{B } {'BO ?{ { exp( g }

Thersfore, if a small magnetic stray field exists in a zconducting

fluid, it will in the average be amplified at an exponential

rate until some statistical eguilibrium value near (25) is reached.

Dissipation . The guantity

v/bm = Rm/R = |GV {(27)

measures the ratlio of the generation of heat by viscous friction
in the fluid to the generation of Joule's heat by the electro-
magnetic field. Unless this ratio happens to be close to unity,
one form of dissipation will as a rule predominate. This form of
dissipation will also determine the cutoff of the turbulence

spectrum at the side of the smallest eddies.
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We can obtain an estimate of (27) for the case ol an
ionized gas. From kinetic theory we have v = volp’s and
o= aegN;p/Bmv where 1, is the mean free path, a the degree of
ionization, N the number density, m and v are mass and mean
velocity of the electrons, v, mean veloclity of the molecules.
Since 1, = (nN 2)~! where o 1s the collision diametsr, and

/ 1
v /v = (m/ho)l’z we can write this

o
2 1/2
wov = 2&%(’%9) /-1 et (28)

6™

Consider hydrogen and let (mks units) S = lO'lOm, then

USY = 2.10"4a/P (29)

This resnlt shows that in interstellar gas clouds where § is

2lmks) the dissipation 1s entirely caused by

very small (10~
mechanical friction, whereas in the interior of stars where

§ 1is in excess of unity the dissipation is entirely electro-
magnetic) the transitlo. domain, {wrvg = 1, occurs near the

density valuves obtaining in the photosvheres of stars.

One should emphasize that even when the electromagnetic
-1

~—r

40
wha &S

dissipaticn is numerically large, the gquantity ¥ = (1o
d

not iIn 1itself a measure of the rate at which the field is

. 5 . A
diaginated, Since poamic f£lu 5 the

LULIPE S P SN SV - SR Vo =

whi1) A
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trananort or dissivstion of any quantitv 1s determined,

|-

actusg

not by the riolecular coefficients of diffusion but by the
correspnonding eddy diffusivities which are as a rule very much
larger than the former. This apnlies to scalar prcverties such

as heat as well as to vectorial nronerties such as momentum, and

clearly must apply to the magnetic field in the fluidg): The

calculaticn cf the free decay for a body as large as the sun2)

WS TR A2 TR
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yields decay times longer than the age of the universe., This
amnimte In esgence to s computaticn of the magnetic Reynolds
number; there can be little doubt that the general result of
turbulence obssrvations applies to the magnetic diffusivity; the
largsr the Reynolds number, the more the eddy diffusivity exceeds
the moliecular diffusi&ity in order of magnitude., The disap-
pearaiice of suuspot megnetic fields in the course of a few days

or weeks 1z c=rtainlvy a matter of eddv diffusion.

Electromagnetic potentials, We shall now make zoma

apoplications of our results to the accelerstlon of indlvidual
rarticies in conducting fluids. It muast be assumed that the
varticles have a certain initial velocity such that the increase

of thelr kinetic energy by electromagnetic accelerstions can

p-4
(%3]

exceed the avera.e losses by lonization, cellisicn processes, and

radiaticn? in other words we must assume that an "injection"
12) - 2 4 T 2 . 4o 3
rrocess exists. Let us inqulre into the electromagnetic

votertials that accombany magnetohvdrodvnemic phenomena. On
gccount ¢f the very high energies encountered in cosmic-rav par-
ticles it 13 often presumed that there exist snecial mechsnisms
which increase ihie fleld strengths, e.g., self-amnlificatory
nlasma nscillations. From the viewnoint of magnetohwvdrodvnamics
we mirht 2lessify as ingtebilities anv orocesses leading to
electrical notential very much in excess of those found in

N ooy V.'ﬂ-’
e a0 KAV

4=
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ordinarv econductlng fluids. h
cyclotron or betatron mechanisms where a particle circulsates in
the same field many times, are open to the criticism that on

vurely statistical grounds they are not likelv to be sufficiently

o SERECRE
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wildespread or effeutive: Given the relativcly large energy

f the cosmic radiation one is prejudiced in favor of
processes that can be counted upon to occur regularly 1n lerge
volumes of cosmic space,

Here, we shall abstract from all processes sxcspt thosse
directly related to the average conditions of cosmic magneto-
hydrodynamircs. The elecztrical vctentisl, ¢5, between two points

of apace 1is by (9) of ths order
{8} = {x8}] = {avB} (30)
If we assume that equipartition prevails this becomes, by (25)

()= (el 2a?] (31)

These relations must be interpreted with some csare,
The potentlals are of course to be understood as line integrals,
SEdl, along 3ome rossible trajectory. The particles spiral along
the magnetiec 1lines of force, but these lines of force are not in

13)

general closed and the particles will not in general follow
thgulines accpratelj owing to collisions and accelerations.
Everythingz depends on the measure (in a set-theoreticsl sense)
of trajectories that actually yield potential differences of the
order indiceted. If this measure 13 not too small some narticles
will be accelerated provided they have the required injection
velociéies. The above formulas do not discriminate between the
non-divergent and the irrotatioinal part of E, the two being of
comparable ordesr,.

Ir thg region where the acceleration occurs is highly

inhomogeneous we may apply (30): In the envelope of a star the

density changes very rapidly with height and the magnetic fileld
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willl as a rule not be of local origin but will emanate from the

lower layars of ths star. If we can estimate {Ii} from other data;
(30) gives an estimate of the order of magnitude of the accelerating
potentials. It is wel' known that at the occasion of solar flares
the sun has e jected numerous particles with energies of the order

of lanV. The acceleration of particles in stellar envelopes

has been extensively discussed and we mav be satisfied to refer

to the literaturel?). Wizh % = 10%, V = 10%m/sec and B = 107°

i volts. Apart from possible

(= 100 gauss) we obtain ¢§ = 10
phenomena of instability, it is not 1likely that magnetohydro-
dynsmic processes in the nelghborhood of stars will lead to
pctentlials exceeding this value by several nowers of ten,

If we next consider the gaseous Interstellar medium
we mav assume that the equipartition formula (25} applies

has been done by a number of authorslz)14); we may then uss (21 ..

, a3

The variations in V admissible here are rather limiteds

V = 10 km/sec should be reasonably 2lose to an upper 1imit.
Extremely high voltages could be produced by increasing x. If
we assaume one proton per cm:5 in the average over the galaxy,

that is {in mks units) @ = 10~°%, take V = 3:10° £0

and A = 10
(comparable to the dimensions of the more condensed parts of the
galaxy) we obtain ¢ = 1014 volts., We ¢an increase this value

by increasing A still further. Chandrasekhar and Fermils)
suspect the presence of magnetic fields in the spiral srms of the

galaxy. E. N. Parkerl®)

has studiea the formation of galexies
from an intergalactic geseous medium and concludes that turbulent
veloceities of the order of 40 lm/sec ought to be present in this

mediuvm. If there is also some magnetic field in thess dimsnsions,
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i1t seems nossible to account quantitatively for the presence of
extremely energetic var’ lecles by acceleration over sufficiently
large linear dimensions.

If the galactic magnetic field 1s of the crder givenr by
the eguipertition formula {(25), the particles circulate in the
galary for a very long time and they will acquire their high
energies by multiple interasction with the irregular magnetic

12) represantis

rfield of the gas. The mechanism proposed by Fermi
a specific model where the magnstchydrodynamic field takes the
form of statistical motions of individuslized gas clouds., If
from the above figures we compute the energy denaity of the

13

galactic medium it is found slightly in excess of 10~ erg/cms.

Given the roughness of the data this 1is very close to the energy

14) 1gerg/bm3.

density of the cosmic radiaticon estimated as 10~
It i1s 1likely, therefore, that the cosmic radiation is nearly in
dynamical equilibrium with the galactic magnetic fields and
hence also with the motions of the gas, Fanlv) has indicated
that one can account for many features of the observed coamic-
ray spectrum on the basis of Fermi's accelerating mechanism.

The general principles of magnetochvdrodynamies as outlined above
give strong support to the i1dea that the spectral distribution

of the cosmic rays must, at least ssymptcticslly, correspond to

an equilibrium with the interstellar gas.,
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